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On ∅-denable elements in a eld
Apoloniusz Tyszka
Abstrat. We develop an arithmeti haraterization of elements in a eld whih are
rst-order denable by a parameter-free existential formula in the language of rings.
As appliations we show that in elds ontaining an algebraially losed eld only the
elements of the prime eld are existentially ∅-denable. On the other hand, many
nitely generated extensions of Q ontain existentially ∅-denable elements whih are
transendental over Q. Finally, we show that all transendental elements in R having
a reursive approximation by rationals, are denable in R(t), and the same holds when
one replaes R by any Pythagorean subeld of R.
1. Introdution
Let L be an elementary language. Let A be any L-struture and let R be any
n-ary relation on |A|. Svenonius' theorem ([15℄, [11, p. 184℄) states that the following
onditions are equivalent:
R is ∅-denable in A by a formula of L;
for eah elementary extension (B, S) of (A, R) eah automorphism g of B satises
g(S) = S.
Applying this theorem for elds we onlude that for any eld K and any r ∈ K
the set {r} is ∅-denable in K if and only if g(r) = r for eah eld automorphism
g : L → L and for eah eld L being an elementary extension of K . In the next
setion we give another desription of suh elements r.
2000 Mathematis Subjet Classiation: 03C60, 12L12. Key words and phrases:
algebrai funtion eld in one variable over Q (over R, over Qp), element transendental over Q
(over R, over Qp), existentially ∅-denable element, Faltings' niteness theorem, eld nitely gener-
ated over Q, Pythagorean subeld of R, reursively approximable real number, subset of R whih is
impliitly ∅-denable in (R,+, ·, 0, 1).
2. An arithmeti haraterization of ∅-denable elements
Let K be a eld and let A be a subset of K . We say that a map f : A → K is
arithmeti if it satises the following onditions:
(1) if 1 ∈ A then f(1) = 1,
(2) if a, b ∈ A and a + b ∈ A then f(a+ b) = f(a) + f(b),
(3) if a, b ∈ A and a · b ∈ A then f(a · b) = f(a) · f(b).
Obviously, if f : A→ K satises ondition (2) and 0 ∈ A, then f(0) = 0. We all an
element r ∈ K arithmetially xed if there is a nite set A(r) ⊆ K (an arithmeti
neighbourhood of r) with r ∈ A(r) suh that eah arithmeti map f : A(r) → K
xes r, i.e. f(r) = r. Note that any nite set ontaining an arithmeti neighbourhood
or r is itself an arithmeti neighbourhood of r. We denote the set of arithmetially
xed elements of a eld K by K˜ .
Proposition ([16℄). K˜ is a subeld of K .
Proof. We set A(0) = {0} and A(1) = {1}, so 0, 1 ∈ K˜ . If r ∈ K˜ then −r ∈ K˜ , to
see this we set A(−r) = {0,−r} ∪ A(r). If r ∈ K˜ \ {0} then r−1 ∈ K˜ , to see this
we set A(r−1) = {1, r−1} ∪ A(r). If r1, r2 ∈ K˜ then r1 + r2 ∈ K˜ , to see this we set
A(r1 + r2) = {r1 + r2} ∪ A(r1) ∪ A(r2). If r1, r2 ∈ K˜ then r1 · r2 ∈ K˜ , to see this we
set A(r1 · r2) = {r1 · r2} ∪A(r1) ∪A(r2).

Theorem 1. K˜ = {x ∈ K : {x} is existentially rst-order denable in the language
of rings without parameters}.
Proof. Let r ∈ K be arithmetially xed, and let A(r) = {x1, ..., xn} be an arithmeti
neighbourhood of r with xi 6= xj if i 6= j, and x1 = r. We hoose all formulae xi = 1
(i ∈ {1, ..., n}), xi + xj = xk, xi · xj = xk (i, j, k ∈ {1, ..., n}) that are satised in
A(r). Joining these formulae with onjuntions we get some formula Φ. Let V denote
the set of variables in Φ, x1 ∈ V sine otherwise for any s ∈ K \ {r} the mapping
f := id (A(r) \ {r}) ∪ {(r, s)} satises onditions (1)-(3) and f(r) 6= r. The formula
... ∃xi ...︸ ︷︷ ︸
xi ∈ V, i 6= 1
Φ is satised in K if and only if x1 = r. It proves the inlusion ⊆. We
begin the proof of the inlusion ⊇. The proof presented here is formally a proof by
indution on the omplexity of the formula. We are going to use the following two
algorithms.
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Algorithm 1. In formulae Ψ of the language of rings, negations of atomi subfor-
mulae are replaed by atomi formulae. For the language of rings, eah negation of
an atomi formula is equivalent to the formula of the form W (y1, ..., yn) 6= 0, where
y1, ..., yn variables and W (y1, ..., yn) ∈ Z[y1, ..., yn]. The algorithm selets a variable t
whih does not our in Ψ, and instead of W (y1, ..., yn) 6= 0 introdues to Ψ the for-
mula W (y1, ..., yn) · t− 1 = 0. The reeived formula features one negation fewer and
one variable more.
Algorithm 2. In formulae Ψ of the language of rings, some atomi subformulae
are replaed by other atomi formulae or onjuntions of atomi formulae. Atomi
subformulae of the form yi + yj = yk, yi · yj = yk, yi = 1, (yi, yj, yk variables) are
left without hanges. Atomi subformulae of the form yi = 0 (yi is a variable) are
replaed by yi+ yi = yi. Operation of the algorithm on other atomi subformulae will
be explained on the example of subformula 1 + x+ y2 = 0, whih is replaed by
(t = 1) ∧ (t+ x = u) ∧ (y · y = z) ∧ (u+ z = s) ∧ (s+ s = s),
where variables t, u, z, s do not our in Ψ. The above onjuntion equivalently
presents the ondition 1 + x + y2 = 0 and is omposed solely of the formulae of the
form yi + yj = yk, yi · yj = yk, yi = 1, where yi, yj, yk variables.
We start the main part of the proof. Let r ∈ K , Γ(x, x1, ..., xn) be a quantier-free
formula of the language of rings, and
{r} = {x ∈ K : K |= ∃x1...∃xn Γ(x, x1, ..., xn)}
We may assume that Γ(x, x1, ..., xn) has the form Λ1 ∨ ... ∨ Λl, where eah of the
formulae Λ1, ..., Λl is the onjuntion of atomi formulae and negations of atomi
formulae. We want to prove that r ∈ K˜ . After an iterative appliation of algorithm 1
to the formula Γ(x, x1, ..., xn) we reeive a quantier-free formula Ω(x, x1, ..., xm) for
whih: Ω(x, x1, ..., xm) has the form Ξ1 ∨ ... ∨ Ξl, and eah of the formulae Ξ1, ..., Ξl
is the onjuntion of atomi formulae, and
{r} = {x ∈ K : K |= ∃x1...∃xm Ω(x, x1, ..., xm)},
where m−n is the number of negations in the formula Γ(x, x1, ..., xn). After an itera-
tive appliation of algorithm 2 to the formula Ω(x, x1, ..., xm) we reeive a quantier-
free formula ∆(x, x1, ..., xp) for whih: ∆(x, x1, ..., xp) has the form Π1 ∨ ... ∨ Πl, and
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eah of the formulae Π1, ..., Πl is the onjuntion of atomi formulae of the form
yi + yj = yk, yi · yj = yk, yi = 1, where yi, yj, yk variables, and
{r} = {x ∈ K : K |= ∃x1...∃xp ∆(x, x1, ..., xp)}
Sine
{r} = {x ∈ K : K |= ∃x1...∃xp ∆(x, x1, ..., xp)} =
l⋃
i=1
{x ∈ K : K |= ... ∃xs ...︸ ︷︷ ︸
xs∈Fr(Πi)\{x}
Πi(x, ..., xs, ...)},
for some i ∈ {1, ..., l} the ondition
{r} = {x ∈ K : K |= ... ∃xs ...︸ ︷︷ ︸
xs∈Fr(Πi)\{x}
Πi(x, ..., xs, ...)}
is satised. For indies s for whih xs is a variable in Πi, we hoose ws ∈ K for whih
K |= Πi[x → r, ..., xs → ws, ...]. Then A(r) = {1, r, ..., ws, ...} is an arithmeti
neighbourhood of r, so r ∈ K˜ .

Let K be a eld extending Q. R. M. Robinson proved in [12℄: if eah element of
K is algebrai over Q and r ∈ K is xed for all automorphisms of K , then there exist
U(y), V (y) ∈ Q[y] suh that {r} is denable in K by the formula
∃y (U(y) = 0 ∧ x = V (y))
Corollary 1. If a eld K extends Q and eah element of K is algebrai over Q, then
K˜ =
⋂
σ ∈ Aut(K )
{x ∈ K : σ(x) = x}
For a more general theorem and its proof, see [9, Proposition 1℄. Let Ralg :=
{x ∈ R : x is algebraic over Q} and Qalgp := {x ∈ Qp : x is algebraic over Q}. By
Corollary 1, R˜alg = Ralg and Q˜algp = Qalgp . It gives R˜ = R
alg
and Q˜p = Qalgp , see [16℄.
Theorem 2. Let K be a eld extending Q, φ(x, x1, ..., xn) is a quantier-free formula
of the language of rings, and K |= ∃x∃x1...∃xnφ(x, x1, ..., xn). Then there exist a
prime number p and U(y), V (y) ∈ Q[y] suh that
{x ∈ Qp : Qp |= ∃x1...∃xn∃y (φ(x, x1, ..., xn) ∧ U(y) = 0 ∧ x = V (y))} = {b}
for some b ∈ Qalgp .
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Proof. We hoose a, a1, ..., an ∈ K suh that K |= φ(a, a1, ..., an), so Q(a, a1, ..., an) |=
∃x∃x1...∃xnφ(x, x1, ..., xn). There is a prime number p suh that Q(a, a1, ..., an) em-
beds inQp, see Theorem 1.1 in hapter 5 of [1℄. By this,Qp |= ∃x∃x1...∃xnφ(x, x1, ..., xn).
Sine Qalgp is an elementary subeld of Qp ([10℄), there exists b ∈ Q
alg
p suh that
Qalgp |= ∃x1...∃xnφ(b, x1, ..., xn). By Robinson's theorem there exist U(y), V (y) ∈ Q[y]
suh that {b} is denable in Qalgp by the formula ∃y (U(y) = 0 ∧ x = V (y)). Thus,
{x ∈ Qp : Qp |= ∃x1...∃xn∃y (φ(x, x1, ..., xn) ∧ U(y) = 0 ∧ x = V (y))} =
{x ∈ Qalgp : Q
alg
p |= ∃x1...∃xn∃y (φ(x, x1, ..., xn) ∧ U(y) = 0 ∧ x = V (y))} = {b}

3. Fields with algebraially losed subelds
We use below "bar" to denote the algebrai losure of a eld. It was proved in [16℄
that C˜ = Q. Similarly, Q˜ = Q.
Theorem 3. If K is a eld and some subeld of K is algebraially losed, then K˜
is the prime eld in K .
Proof. For any eld K of non-zero harateristi K˜ is the prime eld in K , see [16℄.
Let char(K ) = 0. We may assume that K extends Q. By the assumption of the
theorem K extends Q. By the Proposition K˜ ⊇ Q. We want to prove K˜ ⊆ Q in a
onstrutive way without the use of Theorem 1. Let r ∈ K˜ , and let A(r) = {x1, ..., xn}
be an arithmeti neighborhood of r, xi 6= xj if i 6= j, and x1 = r. We hoose all
formulae xi = 1 (i ∈ {1, ..., n}), xi + xj = xk, xi · xj = xk (i, j, k ∈ {1, ..., n}) that are
satised in A(r). Joining these formulae with onjuntions we get some formula Φ.
Let V denote the set of variables in Φ, x1 ∈ V sine otherwise for any s ∈ K \ {r}
the mapping f := id (A(r) \ {r}) ∪ {(r, s)} satises onditions (1)-(3) and f(r) 6= r.
Sine A(r) is an arithmeti neighbourhood of r,
the formula ... ∃xi ...︸ ︷︷ ︸
xi ∈ V, i 6= 1
Φ is satisfied in K if and only if x1 = r (4)
Sine K extends K ,
K |= ... ∃xi ...︸ ︷︷ ︸
xi ∈ V, i 6= 1
Φ[x1 → r]
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Q is an elementary subeld of K ([6, p. 306℄), so there exists r1 ∈ Q satisfying
Q |= ... ∃xi ...︸ ︷︷ ︸
xi ∈ V, i 6= 1
Φ[x1 → r1] (5)
K extends Q, so by (4) there is a unique r1 ∈ Q satisfying (5) and this r1 equals r.
Thus, r ∈ Q and the formula ... ∃xi ...︸ ︷︷ ︸
xi ∈ V, i 6= 1
Φ is satised in Q if and only if x1 = r.
Hene r ∈ Q˜ = Q.

Corollary 2. Let K be an arbitrary eld. Then no subeld of K˜ is algebraially
losed.
Theorem 4. If a eld K extends Q and r ∈ K˜ , then {r} is denable in K by
a formula of the form ∃x1...∃xmT (x, x1, ..., xm) = 0, where m ∈ {1, 2, 3, ...} and
T (x, x1, ..., xm) ∈ Z[x, x1, ..., xm].
Proof. From the denition of K˜ it follows that {r} is denable in K by a nite
system (S) of polynomial equations of the form xi + xj − xk = 0, xi · xj − xk = 0,
xi − 1 = 0, f. the proof of the inlusion ⊆ inside the proof of Theorem 1. If Q ⊆
K , then by Theorem 3 eah element of K˜ is denable in K by a single equation
w1 · x + w0 = 0, where w0 ∈ Z, w1 ∈ Z \ {0}. If Q 6⊆ K , then there exists a
polynomial
anx
n + an−1x
n−1 + ...+ a1x+ a0 ∈ Z[x] (n ≥ 2, an 6= 0)
having no root in K . By this, the polynomial
B(x, y) := anx
n + an−1x
n−1y + ...+ a1xy
n−1 + a0y
n
satises
∀u, v ∈ K ((u = 0 ∧ v = 0)⇐⇒ B(u, v) = 0) , (6)
see [3, pp. 363364℄ and [14, p. 108℄, f. [2, p. 172℄. Applying (6) to (S) we obtain
that (S) is equivalent to a single equation T (x, x1, ..., xm) = 0, where m ∈ {1, 2, 3, ...}
and T (x, x1, ..., xm) ∈ Z(x, x1, ..., xm).

Theorem 4 remains true if char(K ) = p 6= 0. In this ase K˜ is the prime eld
in K ([16℄), so eah element of K˜ is denable by the equation w1 · x + w0 = 0 for
some w0 ∈ {0, 1, ..., p− 1}, w1 ∈ {1, ..., p− 1}.
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4. Transendental elements in nitely generated elds
It is known ([7℄) that for any eld K there is a funtion eld F/K in one variable
ontaining elements that are transendental over K and rst-order denable in the
language of rings with parameters from K . We present similar results with quite
dierent proofs.
Theorem 5. Let w be transendental over Q and a eld K be nitely generated over
Q(w). Let g(x, y) ∈ Q[x, y], there exists z ∈ K with g(w, z) = 0, and the equation
g(x, y) = 0 denes an irreduible algebrai urve of genus greater than 1. We laim
that some element of K˜ is transendental over Q.
Proof. By Faltings' niteness theorem ([4℄, f. [8, p. 12℄, formerly Mordell's onjeture)
the set
P := {u ∈ K : ∃s ∈ K g(u, s) = 0}
is nite, w ∈ P . Let P = {u1, ..., un}, ui 6= uj if i 6= j, and
tk(x1, ..., xn) :=
∑
1≤i1<i2<...<ik≤n
xi1xi2 ...xik (k ∈ {1, ..., n})
denote the basi symmetri polynomials. We laim that
t1(u1, ..., un), ..., tn(u1, ..., un) ∈ K˜ (7)
and ti(u1, ..., un) is transendental over Q for some i ∈ {1, ..., n}. We want to prove (7)
in a onstrutive way without the use of Theorem 1. To prove (7) we hoose zk ∈ K
(k ∈ {1, ..., n}) that satisfy g(uk, zk) = 0. There exist m ∈ {1, 2, 3, ...} and
h : {0, ..., m} × {0, ..., m} →W (m) := {0} ∪
{ c
d
: c, d ∈ {−m, ...,−1, 1, ..., m}
}
suh that
g(x, y) =
∑
i,j∈{0,...,m}
h(i, j) · xi · yj
Let
Mk := {ui1ui2...uik : 1 ≤ i1 < i2 < ... < ik ≤ n} (k ∈ {1, ..., n})
N :=
{
b · uik · z
j
k : b ∈ W (m), i, j ∈ {0, ..., m}, k ∈ {1, ..., n}
}
T :=
{∑
a∈S
a : ∅ 6= S ⊆ N ∪
n⋃
k=1
Mk
}
∪
{
ui − uj,
1
ui − uj
: i, j ∈ {1, ..., n}, i 6= j
}
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Sine Mk ⊆ T for eah k ∈ {1, ..., n}, tk(u1, ..., un) =
∑
a∈Mk
a ∈ T for eah k ∈
{1, ..., n}. We laim that T is an arithmeti neighbourhood of tk(u1, ..., un) for eah
k ∈ {1, ..., n}. To prove it assume that f : T → K satises onditions (1)-(3).
Sine T ⊇ N ⊇ W (m), f is the identity on W (m). For any k ∈ {1, ..., n} and
any non-empty L  {0, ..., m} × {0, ..., m} the elements
∑
(i,j)∈L
h(i, j) · uik · z
j
k and∑
(i,j)∈({0,...,m}×{0,...,m})\L
h(i, j) · uik · z
j
k belong to T . By these fats and by indution
0 = f(0) = f(g(uk, zk)) = f
 ∑
i,j∈{0,...,m}
h(i, j) · uik · z
j
k
 =
∑
i,j∈{0,...,m}
f
(
h(i, j) · uik · z
j
k
)
=
∑
i,j∈{0,...,m}
h(i, j) · f(uk)
i · f(zk)
j = g(f(uk), f(zk))
for any k ∈ {1, ..., n}. Thus, f(uk) ∈ P for eah k ∈ {1, ..., n}. Sine 1 = f(1) =
f
(
(uk − ul) ·
1
uk−ul
)
= (f(uk)− f(ul)) · f
(
1
uk−ul
)
, we onlude that f(uk) 6= f(ul) if
k 6= l. Therefore, f permutes the elements of {u1, ..., un}. By this,
tk(u1, ..., un) = tk(f(u1), ..., f(un)) =
∑
1≤i1<i2<...<ik≤n
f(ui1)f(ui2)...f(uik) =
∑
1≤i1<i2<...<ik≤n
f(ui1ui2...uik) = f
( ∑
1≤i1<i2<...<ik≤n
ui1ui2 ...uik
)
= f(tk(u1, ..., un))
for any k ∈ {1, ..., n}. We have proved that T is an arithmeti neighbourhood of
tk(u1, ..., un) for eah k ∈ {1, ..., n}, so tk(u1, ..., un) ∈ K˜ for eah k ∈ {1, ..., n}.
We prove now that ti(u1, ..., un) is transendental over Q for some i ∈ {1, ..., n}.
Assume, on the ontrary, that all tk(u1, ..., un) (k ∈ {1, ..., n}) are algebrai over Q.
Sine u1, ..., un are the roots of the polynomial
xn − t1(u1, ..., un)x
n−1 + t2(u1, ..., un)x
n−2 − ... + (−1)ntn(u1, ..., un),
we onlude that u1, ..., un are also algebrai over Q. It is impossible, beause among
elements u1, ..., un is w that is transendental over Q.

In the proof of Theorem 5 for eah k ∈ {1, ..., n} the set {tk(u1, ..., un)} is existen-
tially ∅-denable in K by the formula
∃u1∃s1...∃un∃sn
8
(g(u1, s1) = 0 ∧ ... ∧ g(un, sn) = 0 ∧ ... ∧ ui 6= uj ∧ ...︸ ︷︷ ︸
1≤i<j≤n
∧ v = tk(u1, ..., un)) (8)
Applying Theorem 1 we obtain tk(u1, ..., un) ∈ K˜ for eah k ∈ {1, ..., n}, unfortu-
nately, without a diret desription of any arithmeti neighbourhood of tk(u1, ..., un).
This gives a non-onstrutive proof of Theorem 5.
Formula (8) has a form ∃u1∃s1...∃un∃snφ(v, u1, s1, ..., un, sn), where φ(v, u1, s1, ..., un, sn)
is quantier-free. By Theorem 2 there exist a prime number p and U(y), V (y) ∈ Q[y]
suh that the formula
∃u1∃s1...∃un∃sn∃y (φ(v, u1, s1, ..., un, sn) ∧ U(y) = 0 ∧ v = V (y))
denes in Qp an element that is algebrai over Q.
The proof of Theorem 5 gives an element of K˜ that is transendental over Q. Let
K be a eld extending Q and v ∈ K˜ is transendental over Q. Sine K˜ is a subeld
of K , Q(v) \Q ⊆ K˜ . Obviously, eah element of Q(v) \Q is transendental over Q.
There exists a funtion eld K/Q in one variable suh that
K˜ = K ! Q = {x ∈ K : x is algebraic over Q}
It follows from Proposition 3 in [9℄.
Theorem 5 admits a more general form. Let the elds K and L be nitely
generated over Q suh that L extends K . Let w ∈ L be transendental over K ,
g(x, y) ∈ Q[x, y], there exists z ∈ L with g(w, z) = 0, and the equation g(x, y) = 0
denes an irreduible algebrai urve of genus greater than 1. Analogously as in the
proof of Theorem 5 we onlude that there is an element of L˜ that is transendental
over K .
Let p be a prime number, R(x, y) (Qp(x, y)) denote the funtion eld dened by
px4 + p2y4 = −1. The genus of the extension R(x, y)/R (Qp(x, y)/Qp) is greater
than 1. By the results in [7, p. 952, item 3 inside the proof of Theorem 1℄ the sets
{(u, v) ∈ R(x, y)×R(x, y) : pu4+ p2v4 = −1} \ {(u, v) ∈ R×R : pu4+ p2v4 = −1}
{(u, v) ∈ Qp(x, y)×Qp(x, y) : pu4+p2v4 = −1}\{(u, v) ∈ Qp×Qp : pu4+p2v4 = −1}
are nite. Sine
{(u, v) ∈ R× R : pu4 + p2v4 = −1} = ∅
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and
{(u, v) ∈ Qp ×Qp : pu4 + p2v4 = −1} = ∅,
the sets
{(u, v) ∈ R(x, y)× R(x, y) : pu4 + p2v4 = −1}
and
{(u, v) ∈ Qp(x, y)×Qp(x, y) : pu4 + p2v4 = −1}
are nite. Analogously as in the proof of Theorem 5 we onlude that there is an
element of R˜(x, y) (Q˜p(x, y)) that is transendental over R (Qp).
5. Reursively dened transendentals in funtion elds over arhimedean
pythagorean elds
A real number r is alled reursively approximable, if there exists a omputable
sequene of rational numbers whih onverges to r, see [17℄. Let ω := {0, 1, 2, ...}, K
be a subeld of R. K is said to be Pythagorean if
∀x ∈ K (0 ≤ x⇒ ∃y ∈ K x = y2)
Our next theorem is inspired by Cherlin's example in [7, p. 949℄.
Theorem 6. If K is a Pythagorean subeld of R, t is transendental over K , and
r ∈ K is reursively approximable, then {r} is ∅-denable in (K (t),+, ·, 0, 1).
Proof. It follows from [13, p. 280℄ that there is a formula N (x) in the language of
rings suh that
{x ∈ K (t) : K (t) |= N (x)} = ω (9)
Let M(x) abbreviate ∃y 1 + x4 = y2. It is known that
{x ∈ K (t) : K (t) |=M(x)} = K ,
for the proof see [6, p. 34℄. Assume that r ≥ 0, the proof in ase r ≤ 0 goes analogially.
There exist reursive funtions f : ω → ω and g : ω → ω \{0} suh that lim
n→∞
f(n)
g(n)
= r.
Sine f and g are reursive there exist formulae F (s, t) and G(s, t) (both in the
language of rings) for whih
∀n,m ∈ ω (m = f(n)⇐⇒ ω |= F (n,m))
and
∀n,m ∈ ω (m = g(n)⇐⇒ ω |= G(n,m))
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By (9) we an nd formulae F˜ (s, t) and G˜(s, t) for whih
∀s, t ∈ K (t) ((s ∈ ω ∧ t ∈ ω ∧ t = f(s))⇐⇒ K (t) |= F˜ (s, t))
and
∀s, t ∈ K (t) ((s ∈ ω ∧ t ∈ ω ∧ t = g(s))⇐⇒ K (t) |= G˜(s, t))
Let a < b abbreviate
a 6= b ∧M(a) ∧M(b) ∧ ∃c (M(c) ∧ a+ c2 = b)
The formula
M(x) ∧ ∀ε (0 < ε⇒ ∃z∃s∃u∃v (z 6= x ∧ x < z + ε ∧ z < x+ ε ∧
N (s) ∧ N (u) ∧N (v) ∧ F˜ (s, u) ∧ G˜(s, v) ∧ z · v = u))
denes r in (K (t),+, ·, 0, 1).

Let L be an elementary language, let M be an L-struture, and let U be an n-ary
relation onM . We say that U is impliitly ∅-denable inM if there exists a sentene Φ
in the language L ∪ {U} with an additional n-ary prediate symbol U , suh that for
all n-ary relations U∗ on M , (M,U∗) |= Φ if and only if U∗ = U , see the introdutory
part of [5℄.
Theorem 7. If a real number r is reursively approximable, then {r} is existen-
tially ∅-denable in (R,+, ·, 0, 1, U) for some unary prediate U whih is impliitly
∅-denable in (R,+, ·, 0, 1).
Proof. If r is a rational number then {r} is existentially ∅-denable in (R,+, ·, 0, 1).
At this moment we assume that r is an irrational number. We may assume without
loss of generality that r < 0, so there exists an integer i < r. There exist reursive
funtions f : ω → ω and g : ω → ω \ {0} suh that lim
n→∞
− f(n)
g(n)
= r, we may assume
without loss of generality that − f(n)
g(n)
∈ (i, 0) for eah n ∈ ω. Sine f and g are
reursive, there exist formulae F (s, t) and G(s, t) (both in the language of rings) for
whih
∀n,m ∈ ω (m = f(n)⇐⇒ ω |= F (n,m))
and
∀n,m ∈ ω (m = g(n)⇐⇒ ω |= G(n,m))
11
Let
U := {r + i} ∪
{
−
f(n)
g(n)
: n ∈ ω
}
∪ ω
and U be a unary prediate symbol for membership in U . Let x ≤ y abbreviate
∃s x+ s2 = y,
x < y abbreviate
x ≤ y ∧ x 6= y,
succ(x, y) abbreviate
x < y ∧ U(x) ∧ U(y) ∧ ∀z ((x < z ∧ z < y)⇒ ¬U(z)),
accum(x) abbreviate
∀ε (0 < ε⇒ ∃z (z 6= x ∧ x < z + ε ∧ z < x+ ε ∧ U(z)))
We have:
∀x ∈ R (x ∈ ω ⇐⇒ R |= (0 ≤ x ∧ U(x)))
Therefore, extending the language of rings with prediate symbol U for membership
in U we an nd formulae F˜ (s, t) and G˜(s, t) for whih
∀s, t ∈ R ((s ∈ ω ∧ t ∈ ω ∧ t = f(s))⇐⇒ R |= F˜ (s, t))
and
∀s, t ∈ R ((s ∈ ω ∧ t ∈ ω ∧ t = g(s))⇐⇒ R |= G˜(s, t))
The sentene
U(0) ∧ ∀x ((0 ≤ x ∧ U(x))⇒ succ(x, x+ 1)) ∧
∀x ((0 ≤ x+ 1 + ... + 1︸ ︷︷ ︸
|i|−times
∧ x < 0)⇐⇒ ∃s∃u∃v
(0 ≤ s ∧ U(s) ∧ 0 ≤ u ∧ U(u) ∧ 0 ≤ v ∧ U(v) ∧ F˜ (s, u) ∧ G˜(s, v) ∧ u+ x · v = 0)) ∧
∀x ((0 < x+ 1 + ... + 1︸ ︷︷ ︸
2|i|−times
∧ x+ 1 + ... + 1︸ ︷︷ ︸
|i|−times
< 0)⇒ (U(x)⇐⇒ accum(x+ 1 + ...+ 1︸ ︷︷ ︸
|i|−times
))) ∧
∀x (x+ 1 + ...+ 1︸ ︷︷ ︸
2|i|−times
≤ 0⇒ ¬U(x))
is valid in R if and only if U(x) means x ∈ U , so U is impliitly ∅-denable in R. The
formula
∃t∃y (x+ t2 = 0 ∧ x = y + 1 + ...+ 1︸ ︷︷ ︸
|i|−times
∧ U(y))
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denes r in (R,+, ·, 0, 1, U).
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